Abstract. To any periodic and full C * -dynamical system (A, α, R) a certain invertible operator s acting on the Banach space of trace functionals of the fixed point algebra is canonically associated. KMS states correspond to positive eigenvectors of s. A Perron-Frobenius theorem asserts the existence of KMS states at inverse temperatures the logarithm of the inner and outer spectral radii of s. Such KMS states are called extremal. Examples arising from subshifts in symbolic dynamics, self-similar sets in fractal geometry and noncommutative metric spaces are discussed.
Abstract. To any periodic and full C * -dynamical system (A, α, R) a certain invertible operator s acting on the Banach space of trace functionals of the fixed point algebra is canonically associated. KMS states correspond to positive eigenvectors of s. A Perron-Frobenius theorem asserts the existence of KMS states at inverse temperatures the logarithm of the inner and outer spectral radii of s. Such KMS states are called extremal. Examples arising from subshifts in symbolic dynamics, self-similar sets in fractal geometry and noncommutative metric spaces are discussed.
Certain subshifts are naturally associated to the system, and criteria for the equality of their topological entropy and inverse temperatures of extremal KMS states are given. Also, unital completely positive maps σ {x j } implemented by partitions of unity {x j } of grade 1 are considered, resembling the 'canonical endomorphism' of the Cuntz algebras. The relationship between the Voiculescu topological entropy of σ {x j } and the topological entropy of the associated subshift is studied. Similarly, the measure-theoretic entropy of σ {x j } , in the sense of Connes-Narnhofer-Thirring, is compared to the classical measure-theoretic entropy of the subshift.
A noncommutative analogue of the classical variational principle for the entropy of subshifts is obtained for those maps σ {x j } for which {x j } generates a Matsumoto C * -algebra. When {x j } generates a Cuntz-Krieger algebra, an explicit construction of states with maximal entropy from KMS states at maximal inverse temperatures is done.
Introduction
Let A be a unital C * -algebra endowed with a 2π-periodic automorphic action α of R. In algebraic statistical mechanics elements of A represent kinematic observables of an infinite quantum system, and α is the time evolution of the system. Equilibrium states of the system are states on A which satisfy the KMS condition with respect to α.
We shall assume throughout the paper that α is 2π-periodic, so it factors through an action γ of the circle T, and also that γ is full , in the following sense. Let A k be the spectral subspace of elements a ∈ A such that γ z (a) = z k a. We assume that for all k ∈ Z, the closed linear span of {xy, x ∈ A k , y ∈ A −k } is the fixed point algebra A
0 . An example is given by a crossed product C * -algebra A = B ⋊ β Z by a single automorphism β, endowed with the dual action γ =β. All KMS states on A are tracial, and are given by T-invariant extensions to A of β-invariant tracial states on B.
More generally, if (A, γ) is not a dual Cinverse temperature β. We remark that if F ⊂ R, then the T-action is full, and if F ⊂ (0, +∞), A F is purely infinite (cf. section 2). In a subsequent paper [BEK] Bratteli, Elliott and Kishimoto show that even the set of KMS states with a specified inverse temperature can be fairly arbitrary. In a recent paper [MWY] Matsumoto, Yoshida and the second-named author study KMS states for the Matsumoto C * -algebras associated with a subshift in symbolic dynamics. They develop a Perron-Frobenius type theorem for a suitable positive operator naturally acting on a certain subalgebra, and show that the logarithm of its spectral radius arises as the inverse temperature of some KMS state. Furthermore they show a connection with the topological entropy of the underlying subshift.
Our approach is close to that of [MWY] , in that we emphasize the PerronFrobenius theory. The starting point is that to any periodic and full C * -dynamical system we associate certain completely positive maps on the underlying C * -algebra, which we interpret as being Perron-Frobenius type operators. KMS states correspond then to the positively scaled tracial states on the fixed point algebra. We study the problem of existence of KMS states, thus proving a Perron-Frobenius type theorem, and the relationship with the variational principle in ergodic theory.
The paper is organized as follows. In the first section choose finite subsets {y i } and {x j } of A 1 such that j y j * y j = I and i x i x i * = I. Such multiplets exist because the group action is full. They can be regarded as playing the role of the canonical unitary in B ⋊ β Z implementing β. We then consider two completely positive (cp) maps: T {yi} : T → i y i T y i * and S {xj } : T → j x j * T x j on A 0 , and also, by transposition, operators t ′ and s ′ which are inverses of one another on the Banach space of trace functionals on A 0 . These operators are independent of the choice of the multiplets {y i } and {x j }. KMS states for the system at finite inverse temperatures then correspond to tracial states on A 0 which are positively scaled by those cp maps, or, equivalently, to tracial state eigenvectors of s ′ . In the next section we show that, under the necessary condition that the fixed point algebra has a tracial state, the inner and outer spectral radii of s ′ correspond to inverse temperatures of 'minimal' and 'maximal' KMS states (see Theorem 2.5 and Corollary 2.6). This can be regarded as a Perron-Frobenius theorem. The key point in the proof is that one needs to consider the trace functionals of the enveloping von Neumann algebra of A 0 , endowed with its order structure.
In sections 3-5 we discuss some examples. In section 3 we apply our results to the Pimsner C * -algebras generated by finite projective Hilbert bimodules, and we thus deduce a criterion for existence of KMS states which applies, in particular, to the case where the coefficient algebra is simple, unital and has a tracial state.
In section 4 we construct Hilbert bimodules, and hence full C * -dynamical systems, via Pimsner's construction, naturally arising from two different situations: subshifts of symbolic dynamics and self-similar sets in fractal geometry. In both cases the coefficient algebra is commutative, and the corresponding Hilbert bimodules are described by a finite set of endomorphisms. We show that in the former situation Pimsner's construction yields the Matsumoto C * -algebras, while in the latter one gets a genuine Cuntz algebra. We also discuss a generalization of the latter example to noncommutative metric spaces introduced by Connes [Co] . It is interesting to compare our discussion with the papers by Jørgensen-Pedersen [JP] and Bratteli-Jørgensen [BJ] , where the authors consider a relationship between Cuntz algebras and multiresolutions in wavelet and fractal analysis.
In section 5 we look more closely at the subclass of the so called CuntzKrieger bimodules (and the corresponding C * -algebras). These are bimodules for which the coefficient algebra is a finite direct sum of unital simple C * -algebras. The leading and simplest example is, of course, that of Cuntz-Krieger algebras, where each summand algebra is a copy of the complex numbers. We show in particular that if each of the summands has a unique trace and the defining {0, 1}-matrix A is irreducible then the associated Pimsner C * -algebra has a unique KMS state at inverse temperature log(r(A)), where r(A) is the spectral radius of A.
In the next section we associate to each pair ({y i }, {x j }) of finite subsets of A 1 as above, a pair of one-sided subshifts, (ℓ {xj} , ℓ ′ {yi} ), which roughly correspond to the operator s ′ and its inverse t ′ . We show that, under certain conditions, the topological entropies of these subshifts are precisely the minimal and maximal inverse temperatures of KMS states. Furthermore we give a criterion for approximating such extremal temperatures with arbitrary (a priori non KMS) tracial states satisfying suitable conditions.
In section 7 we introduce a ucp map σ {xj } : T → j x j T x j * implemented by a multiplet {x j } of grade 1 as above, which should be compared with the map S {xj } , and also it should be understood as a noncommutative shift. We ask whether there is a relationship between its topological entropy (in the sense of Voiculescu and Brown [V] , [B] ) and the classical topological entropy of the associated subshift. We show, generalizing arguments by Boca and Goldstein for Cuntz-Krieger algebras (see [BG] ), that the former is in general does not exceed the latter, and that, if the x j 's have pairwise orthogonal ranges, they are equal. Our assumption of orthogonality, which we have already met in the previous section, here is conceptually clarified. It introduces a certain trivialization to the classical situation. In fact, in this case the algebra of continuous functions on the one-sided subshift ℓ {xj } , together with the endomorphism induced by the left shift epimorphism, sits naturally inside the noncommutative dynamical system (A, σ {xj } ). Therefore monotonicity of the entropy implies that the topological entropy of ℓ {xj} is ≤ the topological entropy of the noncommutative subshift σ {xj } , thus leading to the equality, see Theorem 7.5.
In section 8 we ask whether there is a similar result for the CNT dynamical entropy of σ {xj } . We show that, under the orthogonality assumption, if φ is a
where µ is the shift-invariant probability measure on ℓ {xj } obtained restricting φ. We also find a condition on σ {xj } under which any such µ arises as the restriction of some φ. This enables us to obtain a variational priciple for certain systems (A, σ {xj } ), which include the Cuntz-Krieger algebras and the Matsumoto algebras as graded C * -subalgebras. More precisely, our variational principle asserts the existence of σ {xj } -invariant states of A with respect to which the CNT dynamical entropy equals the Voiculescu topological entropy of σ {xj } .
In the last section we establish a closer relationship between KMS states and states with maximal entropy. The main point is that a KMS state ω is to be understood as a quasi-invariant measure for the noncommutative shift σ {xj } , as ω • σ {xj } and ω are equivalent. In classical ergodic theory, measures with this property are called conformal, and play an important role, as they lead to measures with maximal entropy. We thus show an explicit general way of constructing σ {xj } -invariant measures from KMS states. We then consider basic examples, which we may think of as being noncommutative Markov shifts: systems (A, γ) containing some Cuntz-Krieger algebra O A in a way that γ restricts to the canonical gauge action on O A . We show that the σ {xj } -invariant state φ previously derived from a KMS state with maximal entropy restricts, on the algebra of continuous functions on the classical Markov subshift ℓ A , to the unique invariant measure µ with maximal entropy. We thus conclude that
thus generalizing Choda's result [Ch] to our examples.
The scaling property
Recall that a state ω over a C * -algebra A endowed with a one-parameter automorphism group α is called a KMS state at inverse temperature β ∈ R if
for all a, b in a dense * -subalgebra of A α , the set of entire elements for α (which is in fact a dense * -subalgebra). We will only consider 2π-periodic one-parameter groups, i.e. groups for which α comes from an action γ of T by α t := γ e it . Furthermore, in view of applications to the algebras generated by Hilbert bimodules, we will assume that A is unital and that the group action is full, in the sense explained in the introduction. Then we note that the spectral subspace A k , for positive k, is in fact the linear span of the product set of k copies of A 1 . Moreover, by definition of full C * -dynamical system, there exist, for all n ∈ N, finite subsets {y i } and {x j } of A n such that i y i * y i = I and j x j x j * = I. We define correspondingly, for any tracial state τ on A 0 ,
We shall usually write δ(τ ) and ǫ(τ ) for δ 1 (τ ) and ǫ 1 (τ ) respectively.
1.1. Lemma Let (A, γ, T) be a full C * -dynamical system, with A unital, and let τ be a tracial state on A 0 . Then δ n (τ ) and ǫ n (τ ) do not depend on the finite subsets {y i } and {x j } of A n satisfying the above relations. If in paricular {y i }, {x j } ⊂ A 1 , one has, for all n ∈ N,
Proof We shall only prove the statements relative to {y i }, those relative to {x j } can be proved similarly. Let {z 1 , . . . , z q } ⊂ A n be another multiplet satisfying
The conclusion follows choosing subsets in A n of the form {y i1 . . . y in } and {x j1 . . . x jn }, where {y i }, {x j } ⊂ A 1 and satisfy i y i * y i = I and j x j x j * = I.
Let, for λ > 0, T S λ be the set of tracial states τ on A 0 for which
We shall show that a state of A satisfies the KMS condition w.r.t. α if and only if its restriction to A 0 is an element of some T S λ . We start with the following characterization of T S λ .
Lemma
Let (A, γ, T) be a full C * -dynamical system over a unital C * -algebra. For a tracial state τ on A 0 and λ > 0, the following conditions are equivalent:
Here {y i } and {x j } are finite subsets of A 1 satisfying respectively
Proof (1) → (2) and (1) → (3) are obvious. We show that (2) → (1): for
One similarly proves that (3) → (1).
The following result characterizes the set of tracial states on A 0 which gives rise to KMS states for (A, γ). Let F 0 : A → A 0 denote the projection onto the fixed point algebra obtained overaging over the circle group action.
Proposition
The maps ω → ω ↾ A 0 , τ → τ • F 0 set up a bijective correspondence between the set of KMS states ω for (A, γ) at inverse temperature β and the set T S e β .
Proof If ω is a KMS state at inverse temperature β then the KMS condition (1.1) can be formulated, equivalently, for any pair x, y in the dense linear span of the A k 's. Therefore the restriction τ of ω to A 0 is a tracial state such that
therefore τ ∈ T S e β . Conversely, if this condition is satisfied by some tracial state τ on A 0 , then ω := τ • F 0 is an extension of τ to a state on A, and it is not difficult to check that ω(y * x) = ω(xα iβ (y * )) for x, y ∈ A 1 , and hence inductively for x, y ∈ A 1 . . .
, and the proof is complete.
Remark A simple argument shows that the sequences a n := inf{ǫ n (τ ), τ ∈ T S(A 0 )} and b n := sup{ǫ n (τ ), τ ∈ T S(A 0 )} are respectively supermultiplicative and submultiplicative, therefore the sequences a n 1/n , b n 1/n converge, and lim n a n 1/n = sup a n 1/n and lim n b n 1/n = inf b n 1/n .
Corollary
We next give a criterion of faithfulness for KMS states.
1.5. Proposition Let (A, γ) be a full periodic C * -dynamical system with A unital, and consider the
Proof Let τ be the restriction of a KMS state ω to A 0 . Then
we have, by (1.2), that xay * ∈ I if a ∈ I. This yields α(I) ⊂ M p (I)∩α(A 0 ). We show the reverse inclusion. Let a ∈ A 0 be such that y i ay j * ∈ I, i, j = 1, . . . , p. Then δ(τ )τ (a * y i * y i ay j * y j ) = τ ((y i ay j * ) * y i ay j * ) = 0. Hence, summing up, we see that a ∈ I, and this shows that α(A 0 ) ∩ M p (I) ⊂ α(I). It follows from our assumption that I = {0}, as, clearly, I = A 0 . Now the canonical conditional expectation F 0 : A → A 0 is faithful, so ω is faithful.
We conclude this section recalling from [GP] a criterion for pure infinity of unital C * -algebras, which we shall need in the sequel. We refrain from giving here the proof. We only point out that the arguments essentially go back to Cuntz' proof of pure infinity of O d [C] . Also, the result is a generalization of Rørdam's result (cf. [R] ) about pure infinity of crossed products by proper corner endomorphisms.
Following [R] , we say that a C * -algebra B has the comparability property if B has at least one tracial state, and furthermore a projection e ∈ B is equivalent to a subprojection of f if τ (e) < τ (f ) for all tracial states of B. Assume that our C * -algebra A has a nonunitary isometry S in some A n , n > 0, and also that the fixed point algebra A 0 has the comparability property. Then for all tracial states τ on A 0 one has, by Lemma 1.1, 
A Perron-Frobenius theorem
We associate to each pair of finite subsets {y i }, {x j } ⊂ A 1 satisfying
a corresponding pair of completely positive maps T = T {yi} and S = S {xj } on the homogeneous subalgebra A 0 :
A 0 * → A 0 * denote the Banach space adjoints of T and S respectively, and let T (A 0 ) ⊂ A 0 * the Banach subspace of trace functionals. Then one has the following result. 
Proposition For any finite subset {y
Finally note that
by that trace property of τ . Likewise,
Note that KMS states of (A, γ) correspond precisely to the tracial state eigenvectors for s ′ (or t ′ ). The following result, which has its own interest, explains why δ(τ ) = ǫ(τ ) −1 when τ corresponds to a KMS state.
Proposition The map h : T S(
is a homeomorphism of T S(A 0 ) endowed with the weak * -topology. KMS states of (A, γ) correspond, as in Prop. 1.3 , to fixed points of h. The inverse of h is the map
We have:
. Proof Clearly h(τ ) is a tracial state when τ is. Furthermore τ → δ(τ ) is a positive valued continuous function on a compact set, therefore h is continuous.
For the same reason k is continuous on T S(A 0 ), and, by the trace property, h and k are inverses of one another.
Our next aim is to look more closely at the spectrum σ(s ′ ) of s ′ . The previous proposition shows that 0
So we can define the inner and outer spectral radius of s ′ :
We give some estimates for r min (s ′ ) and r max (s ′ ).
Proposition Let {y
Proof Note that
which, together with
Taking the n-th root and passing to the limit, one gets the spectral radius of T :
Similarly, one has
The proof is completed recalling that s ′ is the restriction of S ′ to a closed subspace, so
and similarly
We next show that the inner and outer spectral radii of s ′ correspond to inverse temperatures of KMS states, or, in other words, that they are in the point spectrum of s ′ , with corresponding positive eigenvalues. The fact that the outer spectral radius is in the point spectrum was first proved in [MWY] for the Matsumoto C * -algebras associated with subshifts [M] . The key point in our situation is that one needs to consider the trace functionals of A 0 endowed with the order structure which arises when we extend such traces to normal traces on the enveloping von Neumann algebra.
We anticipate the following, possibly known, lemma. Proof Let τ be a positive tracial linear functional, then
Lemma
(see for example [T] ). Consider the polar decompositions
Then, for a positive x, we have
We are now in the position of proving our main result of this section. Proof We first show that r max (s ′ ) is a spectral value for s ′ and then that it is in fact an eigenvalue with a tracial state eigenvector. A similar argument will prove that r(t ′ ) is an eigenvalue for t ′ = s ′ −1 with a tracial state eigenvector. By the uniform boundedness theorem, there exists a sequence {z n } of complex numbers such that |z n | → r max (s
is linearly spanned by its tracial states, we may assume that τ 0 is a tracial state. Consider, for |z| > r max (s ′ ), the Neumann series:
By the previous lemma, on the enveloping von Neumann algebra of A 0 ,
so R(|z n |)τ 0 → ∞, and this shows that r max (s ′ ) ∈ σ(s ′ ). (2.1) also shows that R(λ)τ 0 is a nonzero positive functional for λ > r max (s ′ ), hence, arguments similar to those of Lemma 3.1 in [MWY] prove that
is a sequence of tracial states such that every weak * -limit point of it is a tracial state eigenvector with eigenvalue r max (s ′ ).
The previous theorem can be considered as an analogue of the PerronFrobenius theorem for matrices with nonnegative entries. Proof The subset of T S(A 0 ) corresponding to KMS states is weakly * -compact by Prop. 2.2, furthermore the map ǫ : T S(A 0 ) → R + defined at the beginning of section 1 is weakly * -continuous. It follows that the set of elements of the form log(ǫ(τ )), when τ ranges over all tracial states on A 0 corresponding to KMS states, is compact. Now this set is precisely the set of possible inverse temperatures by Prop. 1.3. The rest follows from the previous Theorem.
A KMS state of (A, α) at inverse temperature
will be called extremal. Let β be the inverse temperature of a KMS state, and set, as in the previous section,
Then for all n, a n 1/n ≤ e β ≤ b n 1/n , so
It is then natural to ask for which tracial states τ , the sequence 1/n log(ǫ n (τ )) approximates the maximal or the minimal inverse temperature. In section 5 we shall give a sufficient condition.
We conclude this section with the discussion of two examples known in the literature. The first example, arising from ergodic theory, shows that in general, at a fixed inverse temperature, there may be more than one KMS state.
2.7. Example Let (X, T ) be a topological dynamical system: X is a compact metric space endowed with a homeomorphism T . We suppose that X is not a finite set. Then it is well known that the C * -algebra A = C(X) ⋊ αT Z is simple if and only if T is minimal, i.e. there is no nontrivial closed subset
Tracial states on C(X)⋊ αT Z are in one-to-one correspondence with T -invariant probability measures on X, while there is no nontracial KMS state on (A, γ). The operator s ′ therefore has spectrum contained in the unit circle. However, s ′ is the Banach space adjoint of α T , so its spectrum is the same as that of α T which must be equal to T by simplicity of A [OP] . There is an important example, due to Furstenberg, of a minimal analytic diffeomorphism T of T 2 with nonunique invariant measures (see, e.g, [Ma] ), which thus leads to an example of nonuniqueness of tracial states on the simple crossed product
The next example shows that the set of inverse temperatures can in general be an arbitrary closed subset of R.
Example
In [BEH] Bratteli, Elliott and Herman construct an example of a simple C * -algebra B endowed with T-action for which the set of possible inverse temperatures can be any arbitrary closed subset F of R ∪ {+∞, −∞}. For each temperature the corresponding state is unique. More in detail, B is obtained by cutting down the crossed product A ⋊ α Z of an AF-algebra by some projection P in A. If neither +∞ nor −∞ belongs to F , A itself is simple, and this implies that the T-action is full since P is a full projection. If moreover F ⊂ (0, +∞), one can choose α so that α(P ) < P , see [BEH] , hence
is a proper corner endomorphism of B 0 , and one has B = B 0 ⋊ ρ N. Now by a result of Rørdam [R] , B is purely infinite.
KMS states of the Pimsner algebras
In this section we discuss an application of the results of the previous section to the C * -algebra O X associated to a Hilbert C * -bimodule X over a C * -algebra B. We refer the reader to [P] for the construction of O X . We just recall that both X and B embed isometrically respectively as a Hilbert bimodule in and a C * -subalgebra of O X . We shall always assume that X is finite projective and full, and that B is unital. Therefore any finite basis {x j } of X yields, in O X , the relation
Furthermore any finite subset {y i } of X such that i < y i , y i >= I yields in O X :
O X is endowed with a canonical gauge action γ such that γ z (x) = zx, z ∈ T, x ∈ X. Therefore we can conclude that (O X , γ) is a full periodic C * -dynamical system.
We start proving that systems of this form are typical examples, in the sense that we can always easily associate to any unital, full, periodic C * -dynamical system (A, γ), a finite projective Hilbert C * -bimodule X such that A = O X and γ is the canonical T-action. We should note, however, that the Hilbert bimodule X and its coefficient C * -algebra are, in general, not unique. In fact our construction leads to a maximal Hilbert bimodule. In applications, it may be more convenient to start with smaller Hilbert bimodules. It is well known the case of Cuntz-Krieger algebras discussed in [P] , where the coefficient algebra is finite-dimensional. In section 4 we shall discuss the more general situation of Matsumoto algebras, and we will construct natural minimal generating Hilbert bimodules. Proof Choose finite subsets {y i } and {x j } of A 1 such that i y i * y i = I and
Theorem Let
Then X is a right Hilbert B-module in A with B-valued inner product: < x, y > B = x * y. The condition j x j x j * = I shows that {x j } is a finite basis of X, and X is full by i y i
Thus φ is well defined. Let x the image of an element x ∈ X in O X . By the universality of the Pimsner algebras, there exists a surjective * -homomorphism ϕ :
X be the natural conditional expectations. Since ϕE = F 0 ϕ and E is faithful, ϕ is injective by a well known argument. Thus ϕ is the desired isomorphism.
A KMS state on (O X , γ) at some inverse temperature log(δ) ∈ R restricts to a tracial state τ on the coefficient algebra B satisfying, for a ∈ B, τ ( i < x i , ax i >) = δτ (a), with {x i } a right basis of X. We show that conversely any such trace extends to a KMS state.
Lemma
with δ > 0, extends uniquely to a KMS state on O X at inverse temperature log(δ). This extension is faithful if τ is faithful.
Proof We first prove uniqueness. A KMS state for (O X , γ) is determined by its restriction to the homogeneous C * -subalgebra, and, by the trace-scaling property of the operator S {xj} on that subalgebra, it is in fact determined by its restriction to the coefficient algebra B. Conversely, if one is given a tracial state τ 0 on B as required then it is easy to check that
is a sequence of tracial states (faithful if τ 0 is faithful) such that τ n+1 ↾ L(X n ) = τ n , which thus gives rise to a tracial state τ on the homogeneous subalgebra positively scaled by S {xj } . Therefore τ extends to a KMS state on O X at inverse temperature log(δ).
We now apply the results of the previous section to the Pimsner C * -algebras. Proof The function taking a tracial state τ to the tracial state
is weakly * -continuous, so, by the Schauder-Tychonov fixed point theorem, there is a tracial state τ on B such that
We can now extend such a τ to a KMS state on (O X , γ), by the previous lemma.
(1) follows from Corollary 2.6. Since O X is T-simple, O 0 X has no ideal of the kind described in our faithfulness criterion, Prop. 1.5, hence (2) follows. (3)- (5) follow from Corollary 1.4. Finally, if B has a unique tracial state then so does O X 0 since it is an inductive limit of C * -algebras stably isomorphic to B itself. Therefore O X has a unique KMS state.
Examples of full dynamical systems arising from subshifts, self-similar sets and noncommutative metric spaces
In this section we continue our discussion of examples of full C * -dynamical systems obtained via Pimsner's construction. We start considering two different examples of Hilbert bimodules both described by families of * -endomorphisms on commutative C * -algebras, arising respectively from symbolic dynamics and fractal geometry. We shall also discuss a generalization of the latter example to noncommutative metric spaces.
Subshifts in symbolic dynamics and Matsumoto algebras
We recall the construction of the Matsumoto algebra O Λ associated with a two-sided subshift Λ, [M] . Fix a finite discrete set Σ = {1, 2, ..., d}, and let Σ Z be the infinite product space endowed with the product topology. We denote by σ the shift homeomorphism on Σ Z defined by (σ(x)) i = x i+1 . For a shiftinvariant closed subset Λ of Σ Z , the topological dynamical system (Λ, σ ↾ Λ ) is called a subshift. We denote by Λ + the set of one-sided sequences x ∈ Σ N such that x appears in Λ. For example, Σ N = Σ Z + . We shall still denote by σ the left shift epimorphism of Σ N . The dynamical system (Λ + , σ ↾ Λ+ ) is called the onesided subshift associated to Λ. A finite sequence µ = (µ 1 , . . . , µ k ) of elements µ j ∈ Σ is called a word. We denote by |µ| the length k of µ. For k ∈ N, let Λ k = {µ|µ is a word with length k appearing in some 
k of the full Fock space of H. The creation operator T ν by e ν on F Λ , for ν ∈ Λ * , is defined by
The unital C * -subalgebra T Λ of the algebra of bounded linear operators on F Λ generated by {T i |i = 1, ..., d} is called the Toeplitz algebra associated with Λ, and contains the algebra K(F Λ ) of compact operators on F Λ . The Matsumoto algebra O Λ associated with the subshift Λ is the quotient algebra T Λ /K(F Λ ). It is generated by the quotient image {S i |i = 1, ..., d} of {T i |i = 1, ..., d}. The unitary representation of T on F Λ defining the grading implements an automorphic action of T on T Λ leaving K(F Λ ) stable. We thus obtain an automorphic
Thus ρ i (I) = q i . (We should note that ρ i (I) = q i is not a continuous function, in general.) Let Λ A be the Markov subshift defined by a d × d matrix A = (a i,j ) with entries in {0, 1} and with no zero rows or columns:
Then each ρ i preserves C(Λ A+ ). For Markov subshifts, Matsumoto's construction yields the Cuntz-Krieger algebras, see [M] ,:
Proposition Let Λ A be the Markov subshift defined by a matrix
, the Hilbert bimodules X and Y are isomorphic. Now a standard argument shows that
If Λ is a general subshift, the endomorphisms ρ i , i = 1, . . . , d, do not leave C(Λ + ) stable. Thus we should replace C(Λ + ) by some unital C * -subalgebra of ℓ ∞ (Λ + ) which is invariant under ρ i , i = 1, . . . d. We shall choose, to this aim, the smallest such C * -algebra, which is related to the Krieger left cover of a sofic subshift and the past equivalence relation considered by Matsumoto.
Let A(Λ + ) be the unital C * -subalgebra of ℓ ∞ (Λ + ) generated by {q µ ; µ ∈ Λ * }.
Proof For l ∈ N, let A l be the C * -subalgebra of O Λ generated by {S * µ S µ , µ ∈ Λ l } and A Λ be the C * -subalgebra of O Λ generated by elements {S * µ S µ , µ ∈ Λ * }. Then (A l ) l is an increasing sequence of commutative finite-dimensional algebras and
the following notion of past equivalence relation. Two points x and y ∈ Λ + are called l-past equivalent, x ∼ l y, if Λ l (x) = Λ l (y). The corresponding set of equivalent classes is denoted by
is precisely the set of functions in ℓ ∞ (Λ + ) which have the same value on each l-past equivalent class and we have an isomorphism between A l (Λ + ) and C(Ω l ). Let Λ − be the set of all left-infinite sequences which appear in Λ. We define Λ ∞ (x) = {z ∈ Λ − ; zx ∈ Λ + }. x and y ∈ Λ + are called ∞-past equivalent, written x ∼ ∞ y, if Λ ∞ (x) = Λ ∞ (y). Then the projective limit Ω Λ = lim ← − Ω l is homeomorphic to the quotient space Λ + / ∼ ∞ . Thus it is easy to see that the commutative 
Contractions of compact metric spaces
We next dicuss an example associated with a self-similar set in fractal geometry. Let Ω be a (separable) complete metric space and let {γ 1 , ..., γ d } be a finite family of nonzero proper contractions of Ω with Lipschitz constants c i = Lip(γ i ) < 1. We assume that d ≥ 2. Then there exists a unique nonempty compact set K ⊂ Ω satisfying the (exact) invariance condition
The above invariance condition shows that the compact set K is self-similar in a weak sense. For example the Cantor set, the Koch curve and the Sierpinski gasket are typical examples of self-similar sets. We refer the reader to the book of Hutchinson [H] for more information on fractal geometry. The topological dimension of K is dominated by the Hausdorff dimension of K, and the Hausdorff dimension of K is dominated by the similaritiy dimension of K, which is a finite number D satisfying i c D i = 1. Thus K has a finite topological dimension.
Consider the C * -algebra B = C(K) and the canonical Hilbert right B-module X = B d . For each i, we define an endomorphim φ i on B by
Left B-action φ : B → L B (X) is defined by the diagonal matrix φ(a) = diag(φ i (a)) i . We see that the (exact) invariance condition K = ∪ i γ i (K) is equivalent to the fact that φ is injective. The bimodule X generates the Pimsner C * -algebra O X . Let {x 1 , . . . , x n } be the canonical basis of X. Then the corresponding elements {S 1 , . . . , S d } of O X generate a copy of the Cuntz algebra O d ⊂ O X . By construction, the Pimsner C * -algebra O X is isomorphic to the universal C * -algebra generated by B = C(K) and O d satisfying the relations aS i = S i φ i (a) for a ∈ B and i = 1, . . . , d.
In [H] Hutchinson shows that there exists a unique regular Borel probability measure µ on K satisfying, for any measurable set F ,
Consider the trace τ 0 on B corresponding to the probability measure µ.
Since < x i , x i >= 1 for i = 1, . . . , d , O X has a KMS state at the inverse temperature β if and only if β = log d. Moreover the uniqueness of the probability measure implies that the corresponding KMS state is also unique. We shall show that the algebra O X is in fact the Cuntz algebra O d . Before proving this, we study a more general situation to include standard d-times around embeddings. Let K be a compact metric space. Consider the C * -algebra B = C(K) and the state space S of B. Let Lip(K) be the space of Lipschitz functions, and let Lip(f ) denote the Lipschitz constant of f ∈ Lip(K). In [H] Hutchinson considers the following metric L on S:
Then (S, L) is a complete metric space, and the topology defined by L is precisely the weak * -topology of S. Consider the canonical Hilbert right B-module X = B d and any injective unital * -homomorphism φ : B → L B (X). We identify φ(a) with the matrix
Then the Pimsner C * -algebra O X is isomorphic to the universal C * -algebra generated by B = C(K) and the Cuntz algebra O d satisfying the relations aS j = i S i φ ij (a) for a ∈ B and i, j = 1, . . . , d. Proof We identify L(X n ) with B ⊗ M d n (C) . Using the commutation relation, it is easy to see that the inclusion map Φ n :
where α and β run the set {1, . . . , d} n of words with length n.
The coherence relations require that
Since K is compact, the diameter of (S, L) is bounded. Hence ∩ ∞ n=1 Ψ * n (S) consists of a single point ω 0 . The constant sequence of states (ϕ n ) ∈ S with ϕ n = ω 0 gives a tracial state τ on O X 0 , because ω 0 is the unique fixed point of Ψ * in S. Choose another tracial state. The coherence relations Ψ * (ϕ n+1 ) = ϕ n shows that any ϕ n belongs to ∩ ∞ r=1 Ψ * r (S). Therefore ϕ n = ω 0 . Thus O X has a unique KMS state at inverse temperature log d.
We remark that the present situation is similar to that of the Cuntz-Krieger algebras associated to aperiodic matrices. In fact, for any state ω ∈ S, Ψ * n (ω) converges to the unique ω 0 in S with respect to L. This resembles the PerronFrobenius Theorem for aperiodic matrices.
Example
In the fractal case, each proper contraction γ i induces an en-
i is a proper contraction on S with respect to the metric L. 4.7. Example We next study the example of standard d-times around embeddings. Let B = C(T) with T = R/Z and X = B d be the natural right Hilbert B-module. Then a standard d-times around embedding is defined by a map φ :
where (u t ) t is a continuous path of unitaries in M d (C) such that u 0 = I and such that u 1 is the unitary matrix corresponding to the operator taking vectors e 1 , . . . , e d of the canonical basis of C d to e d , e 1 , . . . , e d−1 respectively. We regard φ as a map φ :
* induces a proper contraction on S with respect to the metric L. In fact
We assume that d = 2 for the simplicity of notation. For f ∈ Lip(T) and x, y ∈ T, choosing carefully the nearest pairs between { ϕ 2 ). 4.8. Remark One can easily show, using known results, that under suitable circumstances O X is simple and purely infinite. Indeed, assume that K is totally disconected or connected and has a finite topological dimension.
X is of real rank zero by [BDR] , since O 0 X has a unique trace. By a result of Martin and Pasnicu [MP] , O 0 X has the comparability property on every matrix algebra. Thus we can apply a result by [GP] (Theorem 1.6) and conclude that the O X is simple and purely infinite. For example, in the case of a standard d-times around embeddings all the assumptions are satisfied. In fact
is a Bunce-Deddens algebra. Note that we have naturally embedded an AT algebra into a purely infinite simple C * -algebra. Again, in the fractal case , it is easy to show that O 0 X is simple. So we can apply the preceding argument. However, it is not difficult to show that in this case O X is canonically isomorphic to the Cuntz algebra O d (a fact which will be later generalized to noncommutative metric spaces): We identify L(X n ) with
Let ω = (ω 1 , . . . , ω k ) ∈ {1, . . . , d} k be a finite word and
By the uniform continuity of f , Φ n+k,n (f ) is approximated by a constant matrix up to ε for a sufficient large k. Thus O 0 X is a UHF algebra M d ∞ and O X is exactly the Cuntz algebra O d generated by the original operators {S 1 , . . . , S d }.
Contractions of noncommutative metric spaces
The preceding argument suggests a generalization to noncommutative metric spaces introduced by Connes in [Co] . In [Ri] , Rieffel considers the question of whether the metric topology agrees with the underlying weak * topology on the state space. His setting for defining a metric on a state space is very general, as he works with Banach spaces. However, we consider a more special situation. Let A and B be unital C * -algebras. Suppose that B is a Banach bimodule over A. Let δ : A ⊃ Dom(δ) → B be a densely defined * -derivation with kerδ = CI. Let S be the state space of A. Consider the following metirc L on S:
The metric is allowed to take the value ∞. We assume that {a ∈ Dom(δ) ; δ(a) ≤ 1}/CI is bounded with respect to the quotient norm in A/CI.
Let {φ 1 , . . . , φ d } be a finite family of unital * -endomorphisms on A, with d ≥ 2. Recall that the crossed product C * -algebra C * (A; φ 1 , . . . , φ d ) of A by {φ 1 , . . . , φ d } is the universal C * -algebra generated by the image of a C * -homomorphism π : A → C * (A; φ 1 , . . . , φ d ) and the Cuntz algebra O d with the generators S 1 , . . . , S d satisfying the relations π(a)S i = S i π(φ i (a)) for a ∈ A and i = 1, . . . , d. We note that π is isometric if and only if ∩ i kerφ i = 0. In this case the crossed product C * -algebra C * (A; φ 1 , . . . , φ d ) is isomorphic to O X , where X is the trivial Hilbert right A-module X = A d endowed with the diagonal left Proof Let c be the maximum of the Lipschitz norms c i = Lip(γ i ), i = 1, . . . , d. For any a ∈ Dom(δ) and ϕ , ψ ∈ S, we have
Proposition
For a finite word α = (α 1 , . . . , α n ) ∈ {1, . . . , d} n , we use the multi-index notation φ α and γ α . Then we have that
for any pair of states ϕ , ψ ∈ S. We shall show that π(A) is included in the canonical UHF subalgebra M d ∞ of the Cuntz algebra O d . For any a ∈ Dom(δ) and ε > 0, there exists n ∈ N such that c n diam(S, L) δ(a) ≤ ε.
Fix a state ω 0 ∈ S. Consider the diagonal matrix t = diag(ω 0 (φ α (a))) α ∈ M d n (C). Then for any state ω ∈ S, we have
we have that
Thus C * (A; φ 1 , . . . , φ d ) is precisely the Cuntz algebra O d generated by the original {S 1 , . . . , S d }.
Examples Let D be a noncommutative unital
be the set of D-valued bounded continuous functions on Y . Then B is a Banach bimodule over A by (a 1 f a 2 )(x, y) = a 1 (x)f (x, y)a 2 (y). Let δ : A ⊃ Dom(δ) → B be the densely defined * -derivation of De Leeuw, given by
where Dom(δ) is the set of Lipschitz functions in A. Then kerδ = CI. Let α be the * -endomorphism on A defined by α(f )(x) = f ( x 2 ). Then the restriction γ of the Banach space adjoint α * : A * → A * to the state space S is a proper contraction with respect to L. Therefore the endomorphism crossed product C * -algebra C * (A; α, α) is isomorphic to the Cuntz algebra O 2 .
KMS states of Pimsner C * -algebras associated to Cuntz-Krieger bimodules
In this section we illustrate Theorem 2.5 by examples. We shall discuss some situations where there is a unique KMS state, or more generally, where the set of KMS states can be easily characterized. The inspiring example is that of the Cuntz-Krieger algebras that we discuss here below. Some of the following facts are well known in terms of path algebras in subfactor theory.
KMS states of Cuntz-Krieger algebras
Let O A be the Cuntz-Krieger algebras associated to a matrix A = (a ij ) ∈ M d ({0, 1}). A KMS state ω for the canonical circle action restricts to a tracial state τ on the f.d. commutative subalgebra A generated by the ranges P 1 , . . . , P d of the generating partial isometries S 1 , . . . , S d . Let λ = (λ 1 , . . . , λ d ) ∈ R + n be defined by λ i = ω(P i ). Since ω is normalized, we have λ i = 1. The scaling property s ′ (τ ) = ǫ(τ )τ says, when checked on A, that λ is a nonnegative eigenvector of A, and hence, when A is irreducible, it is the unique normalized Perron eigenvector for A by the Perron-Frobenius Theorem [G] . Let us analyse more in detail the structure of the Banach space T (O A 0 ) and the spectrum of the operator s ′ . Let L r , r ≥ 1, denote the unital finite-dimensional C * -subalgebra of O A generated by elements of the form S i1 . . .
Therefore d r,k is the sum of the entries in the k-th column of A r :
The (j, i)-entry of inclusion matrix of L r ⊂ L r+1 can be computed by looking at the projection σ r (P i )σ r+1 (P j ) = σ r (S i P j S i * ) which 0 when a i,j = 0, otherwise it is the sum d r,i minimal projections of L r+1 σ r+1 (P j ). Thus the inclusion matrix of L r ⊂ L r+1 is A t . A tracial state on O A 0 is described by a sequence of positive traces {τ r }, r ≥ 0 on L r such that τ 0 is normalized and τ r+1 ↾ Lr = τ r . Therefore one needs to assign a sequence of nonnegative column vectors (t r ) ∈ R + d which will be the values that τ r takes on the minimal projections of L r . The coherence relations require that A(t r+1 ) = t r , r ≥ 0 while the positivity and normalization properties translates into:
The latter implies, as expected, normalization of each τ r :
Removing positivity and normalization, but requiring instead a norm bound for the sequence (t r ), one finds that T (O A 0 ) is described by
with the Banach space norm
The operator s ′ acts as:
while its inverse is t ′ ((t r ) r≥0 ) = (t 1 , t 2 , . . . ).
Proposition If
is linearly spanned by elements of the form (λ −r t 0 ) r≥0 where t 0 is an eigenvector of A with eigenvalue λ and |λ| = r(A). Furthermore σ(s ′ ) = {λ ∈ σ(A) : |λ| = r(A)}.
Proof Let t 0 be an eigenvector for A with eigenvalue λ such that |λ| = r(A). Set t r := λ −r t 0 , so that At r+1 = t r . We have:
where E 0 is the rank one orthogonal projection onto the span of the Perron eigenvector. It follows that (t r ) ∈ T (O A 0 ). Furthermore (t r ) is also an eigenvector of s ′ with the same eigenvalue. The same argument shows that if t 0 ∈ T (O A 0 ) were an eigenvector with eigenvalue λ such that |λ| < r(A), and t r is defined as above, then A r |t r | 2 would be unbounded, so that (t r ) does not define an element of T (O A 0 ). With similar arguments one sees that T (O A 0 ) is linearly spanned by vectors of the form (λ −r t 0 ) where |λ| = r(A). We show that if either λ / ∈ σ(A) or λ ∈ σ(A) but |λ| < r(A) then s ′ − λ is invertible. We start assuming that λ / ∈ σ(A). Then s ′ − λ is clearly injective. We show that it is also surjective.
For any matrix B with complex entries let B + stand for the matrix with entries the absolute values of the corresponding elements of B, and let M B be the maximum of the absolute values of its entries. Then
which shows that (t r ) ∈ T (O A 0 ) and (s ′ − λ)(t r ) = v r . Assume now that λ ∈ σ(A) − {0} but |λ| < r(A). We have already noted that s ′ − λ is injective. Furthermore since for each (t r ) ∈ T (O A 0 ), any t r belongs to the range of A − λ, with similar arguments one shows that s ′ − λ is surjective.
Remark If A is aperiodic, then the homogeneous subalgebra of O A has a unique trace. More generally, if one drops the assumption that A is symmetric, then, with a more extensive use of Perron-Frobenius theory, one can still show that eigenvectors corresponding to nonmaximal eigenvalues do not appear in the point spectrum of s ′ , hence our result shows that σ(s ′ ) ⊂ {λ : |λ| = r(A)}. Note also that if we more generally start with a reducible matrix A, then we are in a situation of nonuniqueness of KMS states for O A (corresponding to the minimal and maximal Perron eigenvalues of A).
KMS states as Markov traces arising from inclusions of finite algebras with finite Jones index
Let N ⊂ M be an inclusion of II 1 -factors with finite index or of finitedimensional C * -algebras such that Z(N ) ∩ Z(M ) = C. Let, in the latter case, A be the inclusion matrix. Let τ be a faithful tracial state on M , and consider the unique τ -preserving conditional expectation
Endow X = M with the C * -bimodule structure over N as follows. The structure of N -bimodule is defined by left and right multiplication, while the Nvalued inner product is < x, y > N := E τ (x * y).
Then X is full and finite projective as a right N -module ( [GHJ] ). It is not difficult to check that
where
is the the Jones tower. A KMS state at inverse temperature β for O X corresponds precisely to a Markov trace for the tower, which is unique, and one has
See [K] . If N ⊂ M are finite factors, each term of the tower is a finite factor, hence its trace space is one dimensional, and spanned by the Markov trace. So dimT (O X 0 ) = 1, and s ′ acts multiplying by [M : N ] 
, which is symmetric and irreducible ([GHJ])
. It is not difficult to show, with arguments similar to those of the previous example, that T (O X 0 ) is again linearly spanned by traces corresponding to eigenvectors of A t A with maximal eigenvalue.
KMS states of Pimsner algebras associated with Cuntz-Krieger bimodules
After these motivating examples, we consider, more generally, systems of the form (O X , γ), where X is what we call a Cuntz-Krieger Hilbert C * -bimodule and γ is the canonical gauge action. Such Hilbert bimodules, and simplicity of the corresponding C * -algebras O X , have been considered in [KPW] . Consider d ≥ 2 unital simple C * -algebras A 1 , . . . A d and a matrix A = (a i,j ) ∈ M d ({0, 1}) with no row and no column identically zero. Let, for any pair of indices i, j such that a i,j = 1, X i,j be a full, finite projective A i -A j Hilbert bimodule, and let X = ⊕ i,j:ai,j =1 X i,j be endowed with the natural structure of Hilbert bimodule over A := A 1 ⊕· · ·⊕A d . Then since no row of A is zero, left A-action is faithful, and since no column of A is zero, X is full. Clearly X is finite projective as a right module. We assume that there is a system of tracial states τ 1 , . . . , τ n on A 1 , . . . A n respectively satisfying, for each pair of indices for which a j,k = 1,
for some λ j,k > 0. Here {x r k,j } r if a basis of X j,k . We set λ j,k = 0 if a j,k = 0. We will call {τ i } a coherent set of traces. Note that (λ j,k ) is irreducible precisely when A is. If each A j has a unique tracial state τ j , the set {τ j } is coherent. This is indeed the case of Cuntz-Krieger algebras. Let P j be the identity of A j . Recall from [KPW] 
Recall also that if A is irreducible, O X is simple [KPW] , and if A is aperiodic, A is separable and has real rank zero and all M n (A j ) have the comparability property, then O X is simple and purely infinite (cf. Theorem 1.6). For all r ≥ 1 L A (X r ) is a finite direct sum of unital simple C * -algebras, and its minimal central projections are
, where X r P j is regarded as an A-A j Hilbert bimodule.
Let τ 1 , . . . , τ d be a coherent choice of tracial states on A 1 , . . . , A d respectively. Let {u i (r),j } be a basis of X r P j . Then the positive functional
is nonzero, tracial and independent of the basis. Let ǫ r (τ j ) denote its norm. After normalization, we get a tracial state T j (r) on L(X r P j ). If A j has a unique tracial state, T j (r) is the unique tracial state of L(X r P j ). Consider a tracial state τ r on L(X r ) which restricts to a multiple of T j (r) on L(X r P j ), and let t j (r) = τ (σ r (P j )), so t j (r) ≥ 0 and j t j (r) = 1. Then τ r restricts to τ r−1 if and only if for all a ∈ L(X r−1 P j ), and all j,
So τ r restricts to τ r−1 if and only if
. Then a solution is obtained choosing for v 0 the Perron-Frobenius eigenvector of the nonnegative matrix (λ j,k ) with the normalization v k 0 = 1, and iteratively v r = λ −1 v r−1 , where λ is a positive eigenvalue of (λ j,k ). Note that if A is aperiodic, then (λ j,k ) is aperiodic as well, so such a v 0 is the only possible solution. One can easily check that the tracial state τ thus obtained on O X 0 satisfies
and therefore gives rise to a KMS state of O X . Summarizing, we have proved the following result. Note that if each A j has a unique trace and A is aperiodic, then O X 0 has a unique trace, which correponds necessarily to the unique KMS state.
Theorem Let
A = (a i,j ) ∈ M d (0,
Inverse temperatures and topological entropy
The aim of this section is to establish a relationship between inverse temperatures of extremal KMS states and the topological entropy of certain subshifts naturally associated to (A, γ).
Let {y i } and {x j } be finite subsets of A 1 \{0} satisfying i y i * y i = I and j x j x j * = I, and let T = T {yi} and S = S {xj } be the completely positive maps of A 0 defined in section 2. We define
In the case of the Matsumoto C * -algebras O Λ , h(S) is the topological entropy of the shift homeomorphism σ ↾ Λ , and it was shown to coincide with the maximal inverse temperture of certain KMS states in [MWY] .
Note that since ( y i1 . . . y in 2 ) 1/n ≥ 1 for all n and y i ≤ 1, for all i,
and similarly, 0 ≤ h(S {xj } ) ≤ log(Card{x j }).
Note however that if A is a crossed product C * -algebra by a single automorphism α then h(α) = h(α −1 ) = 0. More generally, since the sequences defining h(T ) and h(S) converge to their greatest lower bounds, we see that these are positive if and only if one has repectively
for all n and some ε > 0. We now associate to a fixed finite set of nonzero elements {x j } ⊂ A 1 such that x j x j * = I, a one-sided subshift ℓ {xj} , defined as follows. Set Σ := {1, . . . , d}, where d = Card{x j }. Then
Clearly ℓ {xj} is a closed subset of Σ N mapped onto itself by the left shift homomorphism:
Notice that if (A, γ) does not result from a crossed product by an automorphism, or a proper corner endomorphism, d ≥ 2.
Note also that, thank to the realation i x j x j * = I, any n-tuple (λ 1 , . . . , λ r ) ∈ Σ r such that x λ1 . . . x λr = 0 extends to an element of ℓ {xj } . In particular, ℓ {xj} is nonempty.
Replacing the T-action γ by the action z ∈ T → γ ′ z := γ z −1 , we see that we also have, for any finite subset {y i } ⊂ A 1 \{0} such that i y i * y i = I, a one-sided subshift:
where Σ ′ is the set of the first d ′ := Card{y i } positive integers. We also introduce the following two-sided subshifts:
and Λ
Remark Even though it would seem more convenient to work with two-sided subshifts, we should point out that these may be rather small, in the sense that a finite word (λ 1 , . . . , λ r ) occurring, e.g., in ℓ {xj } does not necessarily extend to a word in Λ {xj} . The following simple example well describes the situation. Consider the C * -algebra A = M 2 (C) ⊗ C (T) , and define the following 2π-periodic automorphic action α of R:
and
Let e i,j , i, j = 1, 2, be a system of matrix units for M 2 (C), and define x 1 = e 1,2 ⊗I, x 2 = e 2,2 ⊗u, y 1 = e 1,2 ⊗I, y 2 = e 1,1 ⊗u, where u(z) = z, z ∈ T. Then all the above elements are in A 1 , and satisfy
Thus (1, 2) is a 2-word appearing in ℓ {x1,x2} which can not be extended to any two-sided sequence of Λ {x1,x2} .
We give a condition ensuring that ℓ {xj} and ℓ ′ {yi} are the positive parts of Λ {xj} and Λ ′ {yi} respectively.
Proposition
and let ℓ {xj} and Λ {xj} be the associated one-sided and two-sided subshifts respectively. If j x j * x j is invertible then Λ {xj} = ∅. Furthermore
An analogous statement holds for ℓ ′ {yi} and Λ ′ {yi} . Proof Since j x j x j * = I, for any (i 1 , . . . , i r ) such that x i1 . . . x ir = 0 there is an i r+1 such that x i1 . . . x ir x ir+1 = 0, and therefore there is a sequence (i n ) n≥1 such that x i1 . . . x in = 0 for all n ∈ N. To complete the proof relative to the set {x j } it is now clear that it suffices to show, for any such (i n ), the existence of i 0 ∈ Σ such that x i0 x i1 . . . x in = 0 for all n ≥ 0. If this were not the case, for all k ∈ Σ there would exist n k such that x k x i1 . . . x in k = 0. Letting n = max{n k , k ∈ Σ}, we must have x k x i1 . . . x in = 0 for all k ∈ Σ, and therefore,
. This is now a contradiction. The statement relative to the set {y i } can be proved similarly.
In particular, if A = (a ij ) is a {0, 1}-matrix with no zero row or column, then the generating partial isometries {S i } of the Cuntz-Krieger algebra O A satisfy both i S i S i * = I,
One has Λ {Si} = Λ A and ℓ {Si} = Λ A+ . More generally, if Λ is a nonempty subshift of Σ Z then the canonical set of generating partial isometries {S i } of the Matsumoto C * -algebra O Λ still satisfy the above conditions (see 4.1) and we have also in this case Λ {Si} = Λ and ℓ {Si} = Λ + . Another example is provided by the algebras generated by certain Cuntz-Krieger bimodules X = ⊕ (i,j):ai,j =1 X i,j as described in section 5. More precisely, if X i,j is the Hilbert bimodule defined by a unital * -isomorphism φ i,j : A i → A j , then one can define S i,j to be the identity of A j regarded as an element of X i,j . So S i = j:aij =1 S i,j are partial isometries of O X 1 satisfying the Cuntz-Krieger relations with respect to A = (a ij ). Therefore Λ {Si} is again the two-sided Markov subshift defined by the matrix A = (a i,j ). The example arising from fractal geometry discussed in section 4 is in the same spirit, in that the natural basis of the generating module are generators of a Cuntz algebras, so the associated one or two-sided subshifts are full. Note that all the examples above discussed have in common the fact that there is a multiplet {x i } ⊂ A 1 such that i x i x i * = I consisting of elements with pairwise orthogonal ranges (and therefore they are necessarily partial isometries). We start by establishing general estimates for the extremal inverse temperatures using the topological entropies of the associated subshifts. Recall [DGS] that for a one-sided (or two-sided) subshift (ℓ, σ ↾ ℓ ) the topological entropy can be computed as
where θ n (ℓ) is the cardinality of the set ℓ r of distinct words of length n occurring in ℓ.
6.2. Proposition Let {y i }, {x j } ⊂ A 1 \{0} be finite subsets such that i y i * y i = I and j x j x j * = I, and let ℓ ′ {yi} and ℓ {xj} be the corresponding one-sided subshifts, defined as above. Then
Proof By Prop. 2.3 and the triangle inequality β min ≥ −h(T yi ) and β max ≤ h(S {xj } ). The rest follows from i1,...,in x i1 . . . x in 2 ≤ θ n (ℓ {xj } ), and its analogue for {y i }.
We shall see that in the general situation if it is possible to choose the multiplets {y i } and {x j } carefully, then the topological entropies of the corresponding subshifts lead to the extremal inverse temperatures of KMS states. We first present an intermediate result, which gives a sufficient condition for h(T ) and h(S) to coincide with the topological entropy of the associated subshifts.
Proposition Set
Similarly, if lim sup
Proof We shall prove only the first statement. Let θ n denote the number of words of length n occurring in ℓ ′ {yi} , i.e. the number on n-tuples (i 1 , . . . , i n ) ∈ Σ ′ n such that y i1 . . . y in = 0. Then given ε > 0, for infinitely many indices n,
hence taking the logarithm of the limit over n,
The previous result applies whenever one is working with a multiplet consisting of partial isometries with mutually orthogonal ranges.
We next show that, strengthening the hypotheses of the previous result, all the inequalities of Proposition 6.2 become equalities. More precisely, if the positive evaluations of a tracial state τ on the iterated basic monomials, e.g.
. . x in , do not get too small when n increases, then the maximal inverse temperature β max can be approximated iterating the operator s ′ on τ . The proof is inspired by an analogous result in [MWY] for the Matsumoto algebras associated to subshifts.
6.4. Theorem Let {y i }, {x j } be finite subsets of A 1 such that y i * y i = I and
In particular, if τ is the restriction of a KMS state ω, then ω has minimal inverse temperature.
If instead lim sup
If τ is the restriction of a KMS state ω, then ω has maximal inverse temperature.
Proof We shall prove only the first statement. For infinitely many indices n,
hence taking the n-th root and then the logarithm of the limit over a subsequence, by the arbitrariness of ε, we get lim sup
The last equality follows from Prop. 6.3. Now δ n (τ )
which, together with Proposition 6.2, proves the first statement. If in particular τ arises from a KMS state ω at inverse temperature β, then δ n (τ ) = e −nβ , so β = β min .
The previous result can be regarded as an analogue of the well known fact from Perron-Frobenius theory that for an irreducible nonnegative matrix A the maximal eigenvalue can be approximated by r(A) = lim sup n A n (τ ) 1/n , where τ is any vector with positive entries [G] .
Corollary If there is a finite subset {y
The algebra C generated by all finite products of the form
then the conclusions of the previous theorem hold for any faithful tracial state on A 0 .
Proof Just note that under our assumptions any of the nonzero basic monomials is a projection, and therefore it majorizes a minimal projection in C. It follows that lim n µ n (τ ) 1/n = 1 (resp. lim n ν n (τ ) 1/n = 1) for any faithful trace τ on A 0 , so the previous theorem applies.
In particular, this result applies to all the examples discussed at the beginning of this section.
Topological entropy of canonical ucp maps
Let {x j } be a finite set of a C * -algebra A of grade 1 such that j x j x j * = I. In the previous section we have associated to this set a one-sided subshift (ℓ {xj } , σ ↾ ℓ {x j } ) of the Bernoulli shift (Σ N , σ), where Σ is the state space of the first d positive integers, and d = Card{j : x j = 0}, in a way that, under suitable circumstances, its classical topological entropy equals an extremal inverse temperature of KMS states. One can also associate to the subset {x j } a unital completely positive map defined by
In view of the results of the previous section, we ask whether there is a relationship between the the Voiculescu topological entropy of this map and the classical topological entropy of the subshift ℓ {xj } . If A = O n is the Cuntz algebra with generators S 1 , . . . , S n , Choda shows in [Ch] that the topological entropy of the canonical endomorphism σ {Si} is log(n), i.e. the topological entropy of the associated full shift. In the more general case where A = O A is a Cuntz-Krieger algebra, and {S j } is the canonical set of generating partial isometries, Boca and Goldstein [BG] have recently computed the Voiculescu entropy [V] of this map, and they have shown that it equals the logarithm of the spectral radius of A, or, in other words, the classical topological entropy of the underlying finite type subshift ℓ A [DGS] . In this section we study the problem of whether this result still holds in our more general setting, i.e. when we replace O A with a full C * -dynamical system (A, γ, T), and ℓ A with ℓ {xj } . We give a positive answer in the case where the x j 's have pairwise orthogonal ranges, see Theorem 7.5. In the general situation we show, in Corollary 7.4, an inequality between the classical topological entropy of ℓ {xj} and the Voiculescu entropy of σ {xj } .
In the beginning of this section the automorphic action of the circle plays no role, therefore we shall not assume that the x j 's are of grade 1. We define the associated one-sided subshift ℓ = ℓ {xj } as in the previous section.
We now show that the ucp map σ {xj } can be understood as a noncommutative subshift. Let σ ↾ ℓ be the restriction of σ to ℓ and T ℓ the * -monomorphism of C(ℓ) obtained by transposing σ ↾ ℓ , i.e.
Also, we will consider a natural basis of neighborhoods for ℓ. For each (i 1 , . . . , i r ) ∈ ℓ r , consider the cylinder set
For a fixed r ∈ N, these constitute an open and closed cover of ℓ with cardinality θ r = Card ℓ r .
7.1. Proposition Let {x j } be a finite subset of A such that j x j x j * = I, and let (ℓ, σ ↾ ℓ ) be the associated one-sided subshift. Then there is a unique unital completely positive map Φ :
Proof We first notice that, for each r ∈ N, the map Φ r : Σ N → Σ r projecting onto the first r coordinates takes ℓ onto the subset ℓ r of ⊂ Σ r consisting of θ r elements. Therefore there is a natural * -monomorphism φ r : C θr → C(ℓ) taking a θ r -tuple assuming value 1 on (i 1 , . . . , i r ) and zero elsewhere to the characteristic function of [i 1 . . . i r ]. Similarly, there are, for r ≤ s, natural * -monomorphisms φ r,s : C θr → C θs such that φ s φ r,s = φ r . Since the cylinder sets {[i i . . . i r ], r ∈ N} form a basis of closed and open sets for ℓ, we see that the image of all the φ r is dense. It follows that C(ℓ) is the inductive limit of the C θr 's under the maps φ r,s . We define the ucp map Φ r : C θr → A which takes the characteristic function of [i i , . . . , i r ] to the element x i1 . . . x ir (x i1 . . . x ir ) * . Since Φ s φ r,s = Φ r s ≥ r, thanks to j x j x j * = I, we get a ucp map 0 Φ : ∪ r C θr → A.
Since Φ r (f ) ≤ f , 0 Φ extends to a ucp map on C(ℓ), which is the desired Φ. The relation Φ • T ℓ = σ {xj } • Φ can be easily checked on the total set of characteristic functions of cylinder sets.
We now construct a conditional expactation E r : C(ℓ) → C θr . Choose a probability measure µ on ℓ, and associate to a function f ∈ C(ℓ) the θ r -tuple with coordinates
for each (i 1 , . . . , i r ) ∈ ℓ r . One can easily check that E r (I) = I and that
Clearly (E r ) r converges pointwise in norm to the identity. Assume now that f ∈ C(ℓ) is a positive element such that Φ(f ) = 0. Then ΦE r (f ) converges to 0. On the other hand
therefore if m r does not converge to 0, a subsequence of E r (f ) converges to 0, so f = 0.
Note that if (m n ) n does not converge to 0 then lim sup n m 1/n n = 1 thus we are in the position of applying Proposition 6.3. A particularly important case is when the x j ' have pairwise orthogonal ranges.
Corollary If there is a finite subset {x
then the ucp map Φ : C(ℓ) → A constructed in the previous proposition is in fact a * -monomorphism. The restriction of σ {xj } to C(ℓ) corresponds to the one-sided subshift T ℓ .
For any subshift Λ the Matsumoto C * -algebra O Λ satisfies the requirements of the previous result [Ma] .
Let now (A, γ) be a full C * -dynamical system over T. Our next aim is to give an estimate for the topological entropy of the ucp map σ {xj } , when {x j } is a finite subset of A 1 such that j x j x j * = I. We refer the reader respectively to [V] and [B] for the notion of topological entropy for nuclear C * -algebras and its generalization to exact C * -algebras, and to [BG] for the generalization of the topological entropy ht(P ) of a ucp map P on a unital exact C * -algebra.
Our approach is similar to that by [BG] for the Cuntz-Krieger algebras. Our next results, Corollary 7.4 and Theorem 7.5, can be regarded as generalizations of the corresponding results by [BG] for the Cuntz-Krieger algebras. Let us define, for µ = (i 1 , . . . , i r ) ∈ ℓ r , x µ := x i1 . . . x ir . We shall also consider the operators q α,β = x α * x β ∈ A 0 for |α| = |β|. Consider the map
taking T ∈ A to the matrix
One can easily check that ρ r is a unital * -monomorphism with image the corner algebra P r M θr (A)P r , where P r = (x µ * x ν ) is an orthogonal projection. For n, n 0 ∈ N, m ≥ n + n 0 , l = 0, . . . , n − 1, |α| ≤ n 0 , T ∈ A 0 , we compute
Writing µ = γµ ′ , |γ| = |η| + |α| = l + |α|, and ν = δν ′ , |δ| = |η| = l we have:
If now T ranges over a finite subset ω ⊂ A 0 , we see that the image of the finite subset
under the maps ρ n+n0 • σ l , l = 0, . . . , n − 1, is constituted by matrices with entries in the finite set
exact, and let ω ⊂ A 0 be a finite subset, n 0 ∈ N and δ > 0. Consider the set F (ω, n 0 ) defined as above, and let σ = σ {xj } and ℓ = ℓ {xj} be the ucp map and the one-sided subshift associated to a set {x j } ⊂ A 1 satisfying j x j x j * = I. Then
where rcp(F, δ) stands for the Voiculescu completely positive δ-rank of a finite subset F ⊂ A.
Proof By the previous Corollary we are left to show that
By monotonicity of the topological entropy [V] and Corollary 7.2,
where, as before, T ℓ denotes the * -monomorphism of C(ℓ) implemented by the one-sided shift. We are thus left to show that ht (T ℓ 
The proof is similar to that of [BG] , which in turn goes back to [V, Proposition 4.6] . Let µ be a σ-invariant probability Borel measure on the two-sided subshift Λ = Λ {xj} defined before Prop. 6.1, and let us restrict it to a σ-invariant probability measure on ℓ = Λ + . For any ucp map γ : M → C(ℓ), with M finite dimensional, let h µ,T ℓ (γ) be defined as in [CNT] , by means of the function H µ (γ, T ℓ γ, . . . , T ℓ n−1 γ). Reasoning as in [V, Prop. 4, 6] we see that h µ,T ℓ (γ) ≤ ht(T ℓ ). Choosing M = C θn and γ : C θn → C(ℓ) the natural inclusion, then one finds, thanks to [CNT, Remark III.5.2] , that the classical measurable entropy
Taking the supremum over all invariant measures we obtain the claim, by the classical variational principle for topological entropy [DGS, Theorem 18 .8].
CNT dynamical entropy and variational principle
In fact, if A = O n Choda shows in [Ch] not only that h top (σ) = log(n) but also that, if φ is the unique KMS state of O n , then h φ (σ) = h top (σ) = log(n), where the l.h.s. denotes the Connes-Narnhofer-Thirring dynamical entropy of σ [CNT] . This result has its own importance, as it exhibits a fundamental example where a noncommutative variational principle for the entropy holds true. (We refer the reader to [DGS] for a formulation of the variational principle for the entropy in ergodic theory for compact spaces.)
It is an open problem whether a noncommutative variational principle for the entropy of C * -algebras holds. In this section we give a class of examples for which this is true, thus generalizing Choda's result. A typical example is provided by the noncommutative shift of the Matsumoto C * -algebra, and hence, in particular, the noncommutative Markov shift of Cuntz-Krieger algebras.
In this section we show that the CNT dynamical entropy of the ucp map σ {xj } , defined in the previous section is ≥ the m.t. entropy of the associated subshift Λ {xj} , as defined, e.g., in [DGS] , see Theorems 8.5, 8.6 . This inequality looks similar to that of Corollary 7.4 relative to the topological entropy, but it goes in the reverse order. Together with the results of the previous section, this inequality between entropies leads to a formulation of a noncommutative variational principle, Theorem 8.7. We start establishing the setting of the CNT entropy.
Let A be a unital C * -algebra, and let γ i : A i → A, i = 1, . . . , n be ucp maps from finite-dimensional C * -algebras, and let φ be a state on A. Let us recall from [CNT] that an Abelian model for (A, φ, γ 1 , . . . , γ n ) is given by an Abelian finite-dimensional C * -algebra B, a state µ on B and subalgebras B 1 , . . . , B n of B for which there is a ucp map E : A → B with φ = µ • E. Consider first the entropy of the Abelian model (B, µ, B 1 , . . . , B n ) as defined in [CNT, III.3] and then the quantity H φ (γ 1 , . . . , γ n ), defined as the supremum of the entropies of all the Abelian models (see [CNT, Definition III.4] ). The following result is an obvious consequence of the definition.
finite-dimensional and commutative and if there exists a conditional expectation
E : A → ∨ n i=1 γ i (A i ) such that φ • E = φ, then H φ (γ 1 , . . . , γ n ) ≥ S(φ ↾ ∨ n i=1 γi(Ai) ),
where the r.h.s. denotes the classical m.t. entropy of the restriction of φ to
incides with γ i , which is a * -isomorphism, thus its entropy defect is zero (see [CNT] , section II). It follows from [CNT, Definition III.4 ] that
Let now σ be a ucp map of our C * -algebra A such that φ • σ = φ, and let γ : M → A be a ucp map from a finite-dimensional C * -algebra M . Define the m.t. dynamical entropy of γ with respect to φ to be
and, finally, define the m.t. dynamical entropy of σ as h φ (σ) = sup γ {h φ,σ (γ)}, where the supremum is taken over all possible γ : M → A.
Corollary
Let A be a unital C * -algebra, φ a state of A, and let σ be a ucp
where the r.h.s. denotes the classical m.t. dynamical entropy of the partition of the spectrum of C defined by γ(M ) with respect to σ ↾ C (see, e.g., [DGS, Def. 10.8] . It follows that
where the r.h.s. denotes the classical m.t. entropy of the epimorphism of the spectrum of C defined by the restriction of σ ( [DGS, Def. 10.10] .
Proof Just apply the previous lemma to γ 1 = γ, . . . , γ n = σ n−1 γ and then pass to the limit. The last assertion is a consequence of the classical KolmogorovSinai property of the entropy.
In order to apply the above result, one needs to know under which conditions on the system (A, σ, γ) as in Cor. 8.2 every invariant measure µ on C extends to a σ-invariant state φ on A fulfilling all the requirements of the previous Corollary. We start giving a well known sufficient condition for the existence of invariant conditional expectations.
Lemma Let M ⊂ A be a unital inclusion of C
* -algebras, with M commutative and finite-dimensional, and let φ be a state on A faithful on M and such that
Then there is a unique conditional expectation E :
Proof Set E(a) = φ(e) −1 φ(ae)e, and check that E is the desired conditional expectation. Uniqueness follows easily from faithfulness of φ on M .
We next give a condition on (A, σ, γ) so that every invariant measure on the spectrum of C extends to a σ-invariant state on A containing C in its centralizer. In view of the previous Lemma, this would imply the existence of conditional expectations E n as in Corollary 8.2, satisfying all the necessary requirements.
Proposition Let A be a unital C
* -algebra endowed with a ucp map σ, and let C ⊂ A be a unital σ-stable, AF, commutative, C * -subalgebra. If
then every state µ on C satisfying µ • σ = µ extends to a state φ on A such that
In particular, if µ is faithful, for every finite-dimensional C * -subalgebra M ⊂ C there exists a unique conditional expectations
Proof Let C 1 ⊂ C 2 ⊂ . . . be an increasing sequence of unital finite-dimensional C * -subalgebras of C with dense union, and, for n ∈ N, let F n be the set of minimal projections of C n . Set
which is a nonempty convex and compact subset of the state space S(A) in the weak * -topology. The function f 0 taking any state φ on A to the state a → e∈F1 φ(eae) is weakly * -continuous and leaves K 0 invariant, thus, by the Schauder-Tychonov fixed point theorem, the fixed point set
is nonempty. Note that K 1 is still compact and convex. Define now the weakly * -continuous function f 1 : S(A) → S(A) taking φ to a ∈ A → φ( e∈F2 eae) and check again that K 1 is invariant under f 1 , so that
is nonempty. We thus find iteratively a decreasing sequence
and therefore, being ∪ n C n dense in C,
We next define the weakly * -continuous function f σ : S(A) → S(A) taking φ to φ • σ and we check that f σ leaves K invariant. First, any φ ∈ K restricts to µ on C, thus, being C and µ σ-invariant, f σ (φ) restricts to µ on C, as well. We are left to show that for φ ∈ K, C is in the centralizer of f σ (φ). We compute, for c ∈ C, a ∈ A, f σ (φ)(ca) = φ(σ(ca)) = φ(σ(c)σ(a)) = φ(σ(a)σ(c)) = φ(σ(ac)) = f σ (φ)(ac).
Thus, applying again the Schauder-Tychonov fixed point Theorem, we find a fixed point φ of f σ , which is the desired extension of µ. The last assertion now follows from the previous lemma.
We now collect all the results we have obtained, in form of a Theorem. 8.5. Theorem Let A be a unital C * -algebra, endowed with a faithful ucp map σ, and let γ : M → A be a unital * -monomorphism from a commutative finitedimensional C * -algebra M . Assume that the smallest σ-stable C * -subalgebra C of A containing γ(M ) is commutative and that σ(ca) = σ(c)σ(a), c ∈ C, a ∈ A.
Let µ be a faithful σ-invariant state on C extended to a σ-invariant state φ on A centralized by C, this being possible by Prop. 8.4 . Then
where the r.h.s. denotes the classical m.t. entropy of the epimorphism of the spectrum of C defined by the restriction of σ to C.
We now go back to the situation where σ = σ {xj } is the ucp map implemented by a finite subset {x j } of A such that j x j x j * = I. Also, σ is faithful as j x j * x j is invertible. The commutation relations between the domain projections and the range projections of the iterated products of the x j 's easily show that σ {xj } (ca) = σ {xj } (c)σ {xj } (a), c ∈ Φ(C(Λ {xj } + )), a ∈ A. In particular, σ {xj } is a * -monomorphism on Φ(C(Λ {xj } + )). Thus the previous theorem applies.
Theorem Let
If for example A = O A or, more generally, A = O Λ , the assumptions of the previous theorem hold true. Note that, with the notation and assumptions of the previous result, we know that, using results of the previous section, h µ (Λ {xj} ) ≤ h φ (σ {xj } ) ≤ ht(σ {xj } ) = h top (Λ {xj } ).
The middle inequality is due to Voiculescu [V] .
In classical ergodic theory, a probability measure m on a dynamical system (X, T ) such that m • T * = m is called an equilibrium measure, or a measure with maximal entropy, if it maximizes the entropy, i.e. if h m (X) = h top (X). It is well known that dynamical systems arising from subshifts admit equilibrium measures, see [DGS] . Applyling this fact to our subshift Λ {xj } , we see that there exists a shift-invariant measure µ on Λ {xj} with h µ (Λ {xj } ) = h top (Λ {xj} ).
Combining with the previous inequality, we obtain an existence theorem of equilibrium states in the noncommutative situation above considered. This result applies in particular to the Cuntz-Krieger algebras and the Matsumoto C * -algebras associated to subshifts.
From KMS states to equilibrium states
In this section we make an attempt to show a closer connection between KMS states on full periodic C * -dynamical systems studied in sections 1-6 and equilibrium states considered in sections 7-8. To motivate the result of this section, we consider the classical situation of a topological dynamical system (X, T ) over a compact space X. A Borel probability measure m on X is called conformal if m • T * is equivalent to m. The study of conformal measures is of particular importance as it leads to equilibrium states of the system [DU] . Now in our noncommutative setting, where we replace X by a unital C * -algebra A endowed with a full action of the circle, and T by the ucp map σ {xj } , KMS states provide a natural class of states on A which play the role of conformal measures. Indeed we have the following immediate result.
9.1. Proposition Let (A, γ) be a full periodic C * -dynamical system over a unital C * -algebra A, and let {x j } be a finite subset of A 1 such that j x j x j * = I and j x j * x j is invertible. If ω is a KMS state at inverse temperature β then
where a = e −β j x j * x j is obviously a positive and invertible element of A 0 .
We show how to produce σ-invariant states on A from KMS states of the system (A, γ). Consider the completely positive map S {xj} : a ∈ A → j x j * ax j already considered in section 2. Let ω be a faithful KMS state for (A, γ) at maximal inverse temperature β max = log(λ max ). Then, for t > λ max , consider the series lies in the enveloping von Neumann algebra of A. Set a t = (t − λ max )b t , (9.1) so ω(a t ) = 1, and define ω t := ω(a t · ).
Then for any T ∈ A, ω t (T ) − ω t (σ {xj } (T )) = ω(a t T ) − λ max −1 ω(S {xj} (a t )T ) = λ max −1 (t − λ max )ω((λ max − S {xj } )(b t )T ) → 0 for t → λ max . So any weak * -limit point φ of ω t for t → λ max is a σ {xj } -invariant state on A. Note that if every x µ * x µ commutes with any x ν x ν * , for all multiindices µ and ν, then the Banach space generated by the x ν x ν * is in the centralizer of any such φ.
The next result can be regarded as an example where the construction of equilibrium states out of KMS states is explicit. This is the noncommutative analogue of the well known relationship between the Perron-Frobenius Theorem and equilibrium states for Markov subshifts, see Proposition 17.14 in [DGS] .
9.2. Theorem Let (A, γ, T) be a unital, full, periodic C * -dynamical system, and let O A ⊂ A be a unital Z-graded inclusion of the Cuntz-Krieger algebra associated to an irreducible matrix A, in A. If ω is a faithful KMS state of A at maximal inverse temperature log(λ max ), then
(1) λ max = r(A), (2) ω t is norm convergent, for t → λ max + , to a σ {Sj } -invariant state φ centralized by C(Λ A+ ), where {S j } is the canonical set of generators of O A . (3) φ restricts on C(Λ A+ ) to the unique probability measure µ for which h µ (Λ) = h top (Λ A ).
In particular, h µ (Λ A ) = h φ (σ {xj } ) = h top (σ {xj } ) = h top (Λ A ) = log(r(A)).
Proof It is known that Markov subshifts defined by irreducible matrices have a unique maximal measure, see Theorem 19.14 in [DGS] . The elements a t , t ≥ λ max , defined as in (9.1) belong to the finite-dimensional C * -subalgebra of C(Λ A+ ) generated by S i S i * , the characteristic functions of the cylinders [i], i = 1, . . . d. Since ω(a t ) = 1 and ω is faithful, there exists a norm-limit point a of a t , for t → λ max + . Inspection shows that a is an eigenvector of S {Si} with eigenvalue λ max , and therefore it corresponds to a left eigenvalue (v i ) of A, normalized so that ω(a) = 1. In particular, a t is convergent. Since ω is a KMS state of A, and hence of O Λ w.r.t. the gauge action, evaluating ω on S i S i * gives the unique, up to a scalar, positive right eigenvector (u j ) of A. The normalization ω(a) = 1 yields i u i v i = 1. Evaluating φ on S i1 . . . If we now compare with the formula given in Prop. 17.14 in [DGS] , we see that µ = φ ↾ C(ΛA + ) restricts precisely to the unique measure on Λ A+ with maximal entropy.
